Here, K denotes the inverse of the restriction of L to dam(L) n range(L), and K + ~1~ I being strictly monotone means that there is a c > 0 such that for all u E range(L).
Observe that Condition (0.2) is also imposed in the very significant paper of Brezis and Nirenberg [2] .
If we restrict ourselves to the case when L is a normal linear operator, it has been shown by Hetzer [7] that (0.2) and (0. In [ 11, the main existence result for (0.1 ), Lu + Gu =f is obtained by employing degree theoretic methods and hence the existence of certain a priori bounds must first be established. This depends in [l] on the compactness of the resolvent of L and therefore one cannot immediately carry over such estimates to semilinear operator equations which arise in connection with the solvability of periodic nonlinear wave equations or the solvability of elliptic boundary value problems in unbounded domains.
The latter suggests considering (0.1) in an &space over a o-finite measure space. Moreover, following the approach of the authors in [S] for such problems in the case of simple resonance, one looks for the existence of uniform a priori bounds for a countably infinite family of auxiliary fixed point problems associated with (0.1) rather than just one fixed point problem. Such a result will be derived in Section 1 without any compactness condition on the resolvent of L but under somewhat stronger hypotheses on the operator G.
Based on the aforementioned, one is then able to treat the solvability of (0.1). This is shown in Section 2 via a result which parallels [ 11, but now in the case where Q is an unbounded domain.
EXISTENCE OF A PRIORI BOUNDS
We begin this section by presenting the general setting: (52): Let (Q, a, cl) be a o-finite measure space. Suppose that {Q,} is a fixed monotone sequence in I%, with Q,sQj+,, O<p(Qj) < cc for HEN and UjsN Qi= 8.
Set H= -rP,(Q, a, pu; %), H, = Z*(sZ, a, p(; C) and H, = Z2(Q, a, p; !R+). Denote the standard inner-product and norm of H by (, ) and 11 11 respectively. Here p = w(x) for p E % is taken in the Cc-a.e. sense and w+ and w denote the positive and negative parts of w E H respectively. Before proceeding, the following remarks are in order:
1.1. Remarks. 1. As we have already mentioned in the introduction, the assumptions concerning CI in (L) are equivalent to the conditions (0.2) and (0.3) of [l] . By our formulation here, we wish to emphasize the spectral theoretic aspects. This will be used later on and moreover will allow us to determine the value tl in applications.
2. The growth condition of (g) immediately implies that f,(x) E [0, CX] and k+(x) E [0, a] for x E Q, p-a.e. These conditions must be hypothesized under the weaker assumptions in [ 11.
Throughout this paper, xj will denote the characteristic function of Sz, on 52 for j E N, and xrn will denote the constant 1 on Q. We define N, : H + H as follows: (N,u)(x) = xj(x)( g(x, u(x)) -(a/2) u(x)) for x E Q, p-a.e., u E H and je N. From the growth condition of (g), it follows that there exists a function 8: %+\(O} + 94 such that
IINjull d
II4 + e(E) forall E>O, je;N (1. 3) and UE H.
Since according to (L), -42 does not belong to a(&), the operator K= (L + (a/2)1)-' exists and is a normal, bounded, linear operator.
We associate the sequence of auxiliary fixed point problems u=f-N,oKu with (0.1) and show in the following theorem that the Leray-Schauder condition is uniformly satisfied by them. Observe that if p(Q) < 00 holds, then we choose the sequence {Q,} to be the constant sequence (52,) = {Q} and have the fixed point problem u=f-G-;Z ~Ku ( ) which satisfies the Leray-Schauder condition, Thus we immediately obtain the solvability of (0.1) provided that L has a compact resolvent. This is a special case of Theorem 2 in [ 11.
If the essential spectrum of L is nonempty as it is for example in the case when L is induced by a wave operator (cf. [3] ), then one must appeal to existence principles involving operators of monotone type. In such cases, the fixed point formulation is inadequate. However, from Theorem 1.2 above, we know that the set
is bounded relative to the graph norm of L on dam(L). This allows us to proceed in a manner similar to that used in Section 3 of [S] .
Before proving the theorem, we will need the following:
1.3. LEMMA. Let (Q, 6X, u) be a o-finite measure space; 1 d p < co. Suppose that {h,} . 1s a sequence in YP(Q, a, ,u; 932) which converges weakly to h, E Zr(Q, a, p; 93). Assume that there exists a function c E 5$(52, a, p; '9Z + ) such that [hi(x)1 <c(x) for all jE N and ~EQ, u-ae. Then:
The proof of the lemma depends on Lebesgue's dominated convergence theorem and is left to the reader. We proceed with a proof of the theorem.
Proof of Theorem 1.2. We argue by contradiction and assume the existence of sequences {t,} in [0, 11, {m,} in N, and {uj> in H such that IJujII + cc and for jE N. Therefore, choosing E > 0 sufticiently small, we see that rC < 1. This contradicts our earlier result that r, > 1 for all E > 0. By passing to an appropriate subsequence of {u,}, we can assume, in view of (1.3) (1.5), the fact that W is finite-dimensional, and the fact that K is continuous, that the following holds:
(i) /Iwill #O for Jo N; llw,ll -+ co, w,/llw,ll -+ U'~E W.
(1. 6) (ii) {K~,/ll~,ll) converges in H and pointwise FL-a.e. on Q to Kw,.
(iii) There exists some 0 E H, such that I(Ku,)(x)l/(lwilj <0(x) for x E R ,u-a.e. and all j E N.
(iv) I~/IIw~II Nm,OKuj} converges weakly in H to some h, E H.
If we now multiply (1.4) by l/)lwjll for jE N and then pass to the limit, we obtain by virtue of (1.6) (i), (iv), and (1.5) that w,+h,=O (1. 7) If we set Q, E {xIxEQ, -k(Kw,)(x)>Oj and set Q,=Q\(SZ+ UK), we can derive the following:
for XE Sz, fi-a.e.
(KWOMX) 6 ho(x) 6 X,"W for xESZ, p-a.e. (1.8) h,(x) = 0 for xEOo p-a.e.
In order to see this, we first apply Lemma 1.3 to h, = (l/II wjll ) IV,, o KU, and to h,, observing that the required hypotheses are satisfied by virtue of (1.6) (iii) and (iv). This yields f&h,i(x) <h,(x) < & h,(x) for x E Q p-a.e. Sjnce (xm,} converges pointwise on 52 to xrno (recall x,,(x) = 1 for x E 52, if m. = co), we can determine l&zj(x) and Iim h,(x) as in the proof of Lemma 4 in [ 11. This yields (1.8).
We now proceed along the lines of Section 2 in If we set yl E q + a/2, we obtain from (1.7) and the definition of rj that
We can split Kw, into Kw Therefore, (1.9) and the first part of (1.11) yields first that ,u[(Q\Q,,) n r,] = 0 and then that k+(x) = CI for x E 52, p-a.e. Since (Kw,)(x) f 0, we have a contradiction to (1.2).
And so, we assume I # 0. Then (1 .l 1) and (1.9) show that x,,Jx)(I+(x)-x/2)< -a/2 for XEQ+ nr6p-a.e. Taking Remark 1.1.2 into account, this implies that /+(x) = 0 for x E Q, n rd p-a.e. From Kw, = 4 + Ic/, one sees that r+ n Q0 = r$ nil, holds, and because of p(r,n r,) =O, one obtains ,u(rdnQ,)
=O. In addition, it follows that (KY,)(-~) = d( 1 f x or x E rd p-a.e. Hence 4(x) > 0 for x E Q + n rti p-a.e. and &x)-c0 for x E Q n r, Cc-a.e. We therefore conclude that
This completes the proof of Theorem 1.2.
EXISTENCE OF SOLUTIONS
We have already indicated in the previous section that existence assertions can be derived from Theorem 1 via Leray-Schauder type arguments if additionally, compactness or monotonicity conditions are satisfied. Clearly, one can also use weaker hypotheses of this type.
However, such assumptions are inadequate in certain cases when p(Q) = co. A typical example arises in elliptic boundary-value problems on unbounded domains, where the resolvent of the induced linear part is in general not compact and a monotonicity assumption on G is superfluous. Here, one appeals (cf.
[S] ) in the case of simple resonance to an "approximate domain" approach due to Leinfelder and Simader [9] and Hess [4] in order to use the classical Leray-Schauder principle on a family of auxiliary fixed point problems. One then obtains a solution by means of the uniform a priori bound of Lemma 2.5 in [S] or by Theorem 1 in this paper.
We outline this procedure now and consider (0.1) under hypotheses related to those of Theorem 2 in [ 1 ] except for the boundedness of 52.
Throughout, we will assume the hypotheses (8) where Q is an unbounded domain of %"(n E N), E is a linear, uniformly strongly elliptic differential operator on D of order 2m(m E N), B is a formal operator representing an appropriate system of homogeneous boundary conditions and f and g are as in Theorem 2.1, fall into the context of that result. Of course, the boundary conditions reduce to UE W2m32(SZ) when D = %" and the special values of the eigenvalues, when resonance occurs, is no real restriction as we have pointed out in the introduction.
It should be observed that the last hypothesis of 2.1 is a consequence of the Rellich-Kondrachov imbedding theorem. Indeed, in many cases, the domain of the linear operator L, induced by E and B, is a subspace of the Sobolev space V,'(Q) and the graph norm of L is liner than the Sobolev norm on IV,'(Q). Assume that there is a monotone sequence {Q,}, Qj'Qj+19 of bounded subdomains of Q with sufficiently smooth boundaries and such that UiBN 4, = Q. The Rellich-Kondrachov theorem guarantees the complete continuity of the imbedding of Wm%*(Q,) into T2(Qj) for Jo N, and hence, of R,, since this mapping is linear and continuous from P'(O) into Wm,2(Qj). We conclude with a proof of Theorem 2.1.
Proof of Theorem 2.1. In view of Theorem 1.2, the method of proof is quite similar to the proof of Lemma 2.6 in [7] . We proceed to outline the main steps. Using the terminology and notation of Section 1, we set N = G -(m/2)1 and write Lu + Gu = f as a fixed point problem u = f -No Ku.
In order to deal with the latter, one first considers the auxiliary fixed point problems ui = f -N, 0 Ku, for j E N. This completes the proof of Theorem 2.1.
